We consider the behavior of open strings on AdS wormholes in Gauss-Bonnet theory, which are the Gauss-Bonnet gravity duals of a pair of field theories. A string with both endpoints on the same side of the wormhole describes two charges within the same field theory, which exhibit Coulomb interaction for small separation. On the other hand, a string extending through the wormhole describes two charges which live in different field theories, and they exhibit a spring-like confining potential. A transition occurs when there is a pair of charges present within each field theory: for small separation each pair of charges exhibits Coulomb interaction, while for large separation the charges in the different field theories pair up and exhibit confinement. Two steadily-moving charges in different field theories can occupy the same location provided that their speed is less than a critical speed, which also plays the role of a subluminal speed limit. However, for some wormhole backgrounds, charges moving at the critical speed cannot occupy the same location and energy is transferred from the leading charge to the lagging one. We also show that strings on AdS wormholes in supergravity theories without higher-derivative curvature terms can exhibit these properties as well.
Introduction and summary
The AdS/CFT correspondence [1] [2] [3] can be used to study certain strongly-coupled gauge theories. In particular, the behavior of open strings can be related to that of particles in the field theory. The original correspondence was between type IIB string theory on AdS 5 × S 5 and four-dimensional maximally supersymmetric N = 4 SU(N) Yang-Mills theory [1] . In the large N and large 't Hooft coupling λ limit, the string theory can be approximated by classical supergravity. A large number of generalizations to the original AdS/CFT correspondence have been made [4] . For instance, string theory on an asymptotically AdS background corresponds to a field theory undergoing a Renormalization Group flow from a conformal fixed point in the ultraviolet regime.
A quantum theory of gravity such as string theory generally contains higher derivative corrections from stringy or quantum effects, which correspond to 1/λ or 1/N corrections in the field theory. However, not much is known about the precise forms of the higher derivative corrections, other than for a few maximally supersymmetric cases. The most general theory of gravity in higher dimensions that leads to second-order field equations for the metric is described by the Lovelock action [5] . The simplest such higher derivative theory of gravity is known as Einstein-Gauss-Bonnet theory, which only contains terms up to quadratic order in the curvature.
Our primary motivation for considering Einstein-Gauss-Bonnet theory is that it contains Lorentzian-signature five-dimensional asymptotically locally AdS wormhole solutions which do not violate the weak energy condition, so long as the Gauss-Bonnet coupling constant is negative and bounded according to the shape of the solution [6, 7] . In particular, we consider the static wormhole solutions that were found in [8, 9] which connect two asymptotically AdS spacetimes each with a geometry at the boundary that is locally R×H 3 or R×S 1 ×H 2 , where H 2 and H 3 are two and three-dimensional (quotiented) hyperbolic spaces, respectively. These backgrounds do not contain horizons anywhere, and the two asymptotic regions are causally connected. The proof that the disconnected boundaries must be separated by black hole horizons assumes that the Einstein equations hold [10] , and therefore does not automatically carry over to higher-derivative gravity theories such as Einstein-Gauss-Bonnet theory. If one is able to apply the standard AdS/CFT correspondence to these AdS wormholes, then string theory on such a background corresponds to two quantum field theories (assuming that each boundary admits a well-defined field theory). Each theory undergoes a Renormalization Group flow from a conformal fixed point in its UV limit. However, we would like to emphasize that the AdS/CFT correspondence has not actually been tested for gravitational backgrounds of Einstein-Gauss-Bonnet theory and may not be valid. We are taking some liberty in applying the standard AdS/CFT correspondence in this context, since the duality is between a gauge theory and a ten-dimensional string theory, whereas these five-dimensional backgrounds have not been embedded within string theory. We are making the working assumption that the low-energy effective five-dimensional description of gauge theory/string theory duality has a sensible derivative expansion in which the higher curvature terms are systematically suppressed by powers of the Planck length. After making the appropriate field redefinitions, the curvature-squared terms in the action appear in the Gauss-Bonnet combination. Thus, within the limitations of the derivative expansion, one can use the AdS/CFT correspondence to determine the properties of gauge theories dual to Einstein-Gauss-Bonnet gravitational backgrounds [11] .
In fact, one might expect that within the vast string landscape there are higher derivative corrections which lead to similar backgrounds with asymptotically AdS regions with multiple disconnected boundaries. Concrete examples of such backgrounds already exist within string theory, including a multi-boundary orbifold of AdS 3 [12] and the Maoz-Maldacena wormhole [13] . Although the orbifold of AdS 3 clearly has lower dimensionality while the Maoz-Maldacena wormhole has Euclidean signature, these backgrounds serve as toy models with which to demonstrate that open strings apparently exhibit some fairly universal behavior on AdS wormhole type backgrounds. This indicates that our findings regarding the behavior of open strings on AdS wormholes in Einstein-Gauss-Bonnet theory could also apply to similar backgrounds which may arise in string theory.
In this paper, we consider the behavior of open strings on these AdS wormholes. The string endpoints lie on probe D-branes and correspond to charges within one or the other of the field theories. We refer to these charges as type 1 and type 2 charges. If both of the string endpoints lie on the same D-brane and are both located on the same side of the wormhole, then this corresponds to a type 1 or a type 2 charge-anticharge pair. On the other hand, if a string is extended through the neck of the wormhole such that its endpoints lie on opposite sides, then this corresponds to one of the charges being type 1 while the other is type 2.
Technically, we should also consider the quantum fluctuations of the string worldsheet [14] , which formally dominate over the higher derivative corrections of the background. However, we have checked that the corrections to the string worldsheet do not change the qualitative behavior of strings, which is the focus of our interest.
Summary. The expectation value of a rectangular Wilson loop can be computed from the proper area of the string worldsheet [15, 16] , from which the energy of a pair of charges can be read off. Applying this prescription to AdS wormholes, one can recover the result that a pair of charges of the same type exhibit Coulombic attraction in the UV limit of the field theory being probed by a string which is far from the neck of the wormhole. We generalize this prescription for the case of two charges which do not live within the same field theory. Even though the string endpoints lie on opposite sides of the wormhole, there is a rectangular contour within the physical spacetime whose horizontal sides run along the distance between the two charges and whose vertical sides run along time. We find that two charges of different type exhibit confinement with a spring-like potential. Thus, the strength of the interaction can be parameterized in terms of an effective force constant. A pair of heavy charges exhibits a weaker interaction than do lighter charges. We also find that these characteristics are shared for open strings on a multi-boundary orbifold of AdS 3 [12] as well as on the Maoz-Maldacena wormhole [13] . For a family of AdS wormholes in EinsteinGauss-Bonnet theory [8, 9] , the effective force constant can be tuned by adjusting a parameter associated with the apparent mass on each side of the wormhole.
We find that there is a rather curious transition which involves a quadruplet of charges that consists of a charge-anticharge pair within each field theory. For small charge-anticharge separations, each pair exhibits Coulomb interaction and does not interact with the pair of charges in the other field theory. However, for large separation, it is the charges of different types that interact and exhibit confinement whereas the pairs of charges of the same type no longer interact with each other. In this sense, each pair of charges of the same type exhibits the feature of effectively having a screening length, even though both field theories are at zero temperature.
We also consider the behavior of steadily-moving strings. In particular, demanding that the string configuration is timelike imposes constraints on the mass parameters of the corresponding charges, as well as on their separation. We find that the charges have an upper bound on their speed which depends on the mass parameter of one of the charges (which charge depends on a parameter associated with the wormhole geometry). This speed limit is generally less than the speed of light, which is a result of the fact that the proper velocity of the string endpoints is greater than the physical velocity in the field theory [17] .
In addition, we consider the behavior of strings on an Einstein-Gauss-Bonnet wormhole which connects an asymptotically locally AdS spacetime with another nontrivial smooth spacetime at the other asymptotic region. Even though one of the asymptotic regions of the Einstein-Gauss-Bonnet wormhole is not AdS, we find that open strings on this background share many of the same characteristics as open strings on a multi-boundary orbifold of AdS 3 [12] . This may be an indication that some aspects of the behavior of open strings on wormholes are fairly universal, regardless of the asymptotic geometries.
Namely, we find that a pair of steadily-moving charges of different types can occupy the same location with no transfer of energy or momentum between them, provided that their speed is less than a certain critical speed. This critical speed coincides with the speed limit of the charges and monotonically decreases with the mass parameters. If the charges move at this critical speed, then they exhibit a separation gap which increases with the mass parameter of the lagging charge but is not so sensitive to the mass parameter of the leading charge. Also at this critical speed, energy and momentum are transferred from the leading charge to the lagging one. Note that the procedure for calculating the rate of energy and momentum transfer parallels the way in which the rate of energy loss of a quark moving through a strongly-coupled plasma was calculated via a dragging string moving on a five-dimensional AdS black hole background [18] [19] [20] . Curvature-squared corrections of the background were considered in [21] [22] [23] . However, the case of an AdS black hole corresponds to energy being transferred from the quark to the plasma, whereas in the present case of an AdS wormhole the energy is transferred between two different types of charges. We find that the rate at which energy is transferred actually decreases with the mass parameter of the lagging charge. While this is not necessarily an unexpected feature of a wormhole background, it is a rather surprising characteristic on the field theory side.
Wormholes of various dimensionality which connect AdS n × S m in one asymptotic region to flat spacetime in the other have been constructed in Einstein gravity [24, 25] . It would be interesting to see if open strings on these wormholes have similar features to what we have found in this paper, even though the notion of time tends to be different for the two asymptotic regions. This paper is organized as follows. In section 2, we provide general formulae for the AdS wormhole metric, string embeddings and equations of motion. In section 3, we analyze the behavior of static string configurations on a family of AdS wormholes that arise in EinsteinGauss-Bonnet theory. In section 4, we consider steadily-moving string configurations on these AdS wormhole backgrounds. In section 5, we consider strings on an Einstein-GaussBonnet wormhole for which only one asymptotic region is AdS. Lastly, in section 6, we consider strings on AdS wormholes that can be embedded within string theory.
Generalities

Wormholes in five-dimensional Einstein-Gauss-Bonnet theory
We are making the assumption that the low-energy effective five-dimensional description of gauge theory/string theory duality has a sensible derivative expansion [11] . After field redefinitions, the leading terms in the action take on the Einstein-Gauss-Bonnet form:
where κ is related to the Newton constant, ℓ corresponds to the AdS curvature scale at leading order, and α is the dimensionless Gauss-Bonnet coupling. In order to make the above derivative expansion, we require that α ≪ 1. For a fixed value of α, there is a family of wormhole solutions to (2.1) which is described by the metric [8, 9] 
The base manifold Σ 3 can be either H 3 /Γ or S 1 × H 2 /Γ, where H 3 and H 2 are hyperbolic spaces and Γ is a freely acting discrete subgroup of O(3, 1) and O(2, 1), respectively. The hyperbolic part of the base manifold must be quotiented so that this geometry describes a wormhole rather than a gravitational soliton with a single conformal boundary. The neck of the wormhole is located at ρ = 0, which connects two asymptotically locally AdS regions at ρ → ±∞. The geometry is devoid of horizons and radial null geodesics connect the two asymptotic regions in a finite time ∆t = π. These wormholes can evade the proof that the disconnected boundaries must be separated by black hole horizons [10] , since we are dealing with a higher-derivative theory of gravity. No energy conditions are violated by these wormholes, since the stress-energy tensor vanishes everywhere [8, 9] . The stability of these wormholes against scalar field perturbations has been discussed in [26] . It has been shown that gravity pulls towards a fixed hypersurface at ρ = ρ 0 , which lies in parallel with the neck of the wormhole [8, 9] . In particular, timelike geodesics are confined, and oscillate about this hypersurface. Although the wormhole is massless, for nonzero ρ 0 , the mass of the wormhole appears to be positive for observers located at on one side and negative for the other. The parameter ρ 0 is related to the apparent mass on each side of the wormhole; for ρ 0 = 0, the wormhole exhibits reflection symmetry.
If we can apply the AdS/CFT correspondence to this background, then this is the gravity dual of two interacting field theories on R × Σ 3 . Except in the UV limit, the conformal symmetry of both theories is broken by the length scale associated with Σ 3 (H 3 and H 3 must have the radius 1 and 1/ √ 3, respectively) as well as by the parameter ρ 0 . By computing the boundary stress tensors [27] , one can determine how ρ 0 affects the expectation value of the stress tensor of each field theory.
String embeddings and equations of motion
The dynamics of a classical string on a spacetime with the metric G µν are governed by the Nambu-Goto action
where (τ, σ) are the worldsheet coordinates, g ab is the induced metric and g = det(g ab ). For a map X µ (τ, σ) from the worldsheet into spacetime,
We will consider a string which is localized at a point in H 2 and moves along the S 1 direction, which we label x. Choosing a static gauge where σ = ρ and τ = t, we find that the equation of motion for a string on the background metric (2.2) is given by ∂ ∂ρ
where
It will also be useful to express the equation of motion in the alternative gauge σ = x and τ = t, for which ∂ ∂x
The general expressions for the canonical momentum densities of the string are given by
The energy density and density of the x-component of momentum on the string worldsheet are given by π 0 t and π 0 x , respectively. Thus, the total energy and momentum of the string are
We will also make use of the fact that the string tension is given by
λ is the 't Hooft coupling of the field theory.
3 Static strings
Straight strings
The simplest solution is a constant x = x 0 , for which the string is straight, as shown in Figure 1 . Suppose that the endpoints are located at ρ = −ρ 1 and ρ = ρ 2 , where we will always take ρ 1 , ρ 2 > 0. We will refer to the charges associated with the endpoints at ρ = −ρ 1 and ρ = ρ 2 as a type 1 charge (blue) and a type 2 charge (red), respectively. Also, we will refer to the radial locations of the string endpoints ρ 1 and ρ 2 as the mass parameters of the charges. The D-branes (or at least the part that lies closest to the neck of the wormhole) are denoted by the aqua-colored surfaces and the grey surface represents the fixed hypersurface at ρ = ρ 0 . From (2.10), we find that the static string has vanishing momentum, and its energy is given by
From the equation of motion (2.7) expressed in the alternative gauge, we find that there is also a solution at constant ρ = ρ 0 /2. However, since this would presumably correspond to an extended object in the field theory, we will not consider this string configuration further.
Curved strings
Curved strings can either have both endpoints on the same side of the wormhole or else on opposite sides, as shown in Figure 2 . We will first consider the first case, which corresponds to a pair of charges of the same type. This means that the string dips down towards the wormhole and then comes back up. We will denote the turning point of the string by ρ t , and L is the distance between the endpoints of the string. For simplicity, we will take the endpoints to be at ρ = ρ 2 , so that we have a pair of type 2 charges. For ρ 2 , ρ t ≫ 1, the string is not sensitive to the presence of the wormhole and so it can be found that its energy goes as 1/L. A Coulomb potential energy is consistent with the fact that the theory is conformal in the extreme UV regime. If the masses associated with the charges are decreased, or if the distance between the charges is increased, then the string dips closer to the wormhole. Then terms in the energy that are of higher order in L will become important.
From (2.5) and (2.6), we find the distance L between the string endpoints is given by
2) The above integration region assumes that ρ 2 > ρ t . As we will see shortly, there are string solutions for which ρ 2 < ρ t , in which case the upper and lower integration bounds must be interchanged.
For
ρ 0 , the reality of L implies that the turning point is located in the interval
Similarly, a string with endpoints at ρ 2 < 1 2 ρ 0 has a turning point in the interval ρ 2 < ρ t ≤ 1 2 ρ 0 . This means that if the turning points are within the interval 0 < ρ 2 < ρ 0 /2, then the string will bend away from the center of the wormhole. Moreover, if the endpoints are located on the opposite side of the wormhole as the hypersurface ρ = ρ 0 , then there are strings which go through the neck of the wormhole and have a midsection on the opposite side of the wormhole as its endpoints. All of these possibilities are shown in Figure 3 . As shown in Figure 4 for various values of ρ 0 , the turning point ρ t monotonically decreases with L. In particular, as L gets large the turning point asymptotically approaches 1 2 ρ 0 from above. Note that, unlike the case of strings on an AdS black hole background, there is a single string configuration for each value of L. From the field theory perspective, this means that the charges do not exhibit a screening length but rather remain interacting no matter how far they are from each other (which is not the case in the presence of additional pairs of charges, as we will discuss shortly). In particular, as the distance between the charges increases, the inter-charge potential becomes ever more sensitive to the IR characteristics of that sector of the theory. For vanishing ρ 0 (black curve in Figure 4 ), the potential is partly determined by the extreme IR region of the theory for large L. However, for ρ 0 > 0, the large-distance potential only reflects the features of the energy range corresponding to the region ρ ≥ ρ 0 (red curve in Figure 4 is for ρ 0 = 2). We will now consider a curved string with endpoints on opposite sides of the wormhole, which corresponds to a type 1 charge and a type 2 charge. From (2.5) and (2.6), the distance between the string endpoints in the x direction is
For small separation L, we can expand in C ≪ 1 so that
We will now Euclideanize the metric (2.2) in order to compute the energy of the string configuration in terms of its action. The action for the string Euclidean worldsheet is given by
The energy of a pair of charges is E = S E /∆t, where we take the time interval ∆t → ∞. Then for a static string (2.5) and (2.6) become
We find the energy of the string to be
In the small separation limit C ≪ 1,
where E straight is the energy of a straight string given by (3.1). Using (3.4) to express C in terms of L, we find
and we have used T 0 = √ λ/(2πℓ 2 ). Thus, for small L, a pair of charges of opposite types are confined and exhibit a spring-like potential, as opposed to a pair of charges of the same type which exhibit a Coulomb potential. Since we are at zero temperature, there is no screening length. The left plot in Figure 5 shows that the effective force constant k monotonically decreases with the mass parameters ρ 1 and ρ 2 , where we have taken ρ 0 = 0.1. This means that heavy charges are not as sensitive to the confining potential as lighter charges. We also find that k monotonically increases with the ρ 0 parameter, as shown in the right plot of Figure 5 for ρ 1 = ρ 2 = 1. For two sets of charge-anticharge pairs, an interesting transition can take place. For instance, suppose we have a pair of interacting type 1 charges and a pair of interacting type 2 charges, described by the two curved strings shown in the left plot of Figure 6 . For simplicity, we will assume that both pairs of charges are a distance L apart. For small L, there is no interaction between the type 1 pair and the type 2 pair. However, as L increases, the strings bend closer to each other. Note that these strings cannot pass each other, since neither one can pass the radius ρ = ρ 0 /2. However, even before either string hits this bound, the string configuration in the right plot of Figure 6 becomes the energetically favorable one with the same set of endpoints. Thus, for large L, each type 1 charge becomes coupled to a type 2 charge. This is similar to a screening length, in that the charges of the same type no longer interact with each other. However, since we are at zero temperature, this is really a feature of having multiple pairs of charges close to each other. In principle, there is no need for us to assume that each pair of charges are separated by the same distance L. Suppose that L 1 and L 2 denote the distance between the type 1 charges and the type 2 charges, respectively. Then, in general, there is a critical admixture of L 1 and L 2 for which the aforementioned transition takes place. The only difference is that, past the critical lengths, each string "connecting" a type 1 charge to a type 2 charge is now curved, rather than straight, as shown in the right plot of Figure 2 . If the endpoints are not held in place by an external force, then each string will straighten out.
Note that this type of transition can occur even if there are two pairs of charges that are all of the same type, such as is shown in Figure 3 . This indicates that such processes may not be restricted only to field theories described by AdS wormholes.
Steadily-moving strings 4.1 Straight strings
A steadily-moving straight string is given by x(t, ρ) = x 0 + vt. For this solution, we find that
For simplicity, we will take ρ 0 ≥ 0 in the remainder of the paper. Then for v < v crit ≡ e −ρ 0 , −g > 0 everywhere for v < 1, which implies that no parts of the string move faster than the local speed of light. This is to be contrasted with a straight string steadily moving in an AdS black hole background [18, 20] which, for any nonzero velocity, has a region with −g < 0 and is therefore not a physical solution. On the other hand, for v = v crit , we require that ρ 2 < ρ 0 /2. For v > v crit , g = 0 at ρ = ρ crit where
at which point the induced metric on the string worldsheet is degenerate. We can still have steadily-moving straight strings which lie entirely within the region ρ crit < ρ. However, for strings which have a region that lies within ρ < ρ crit , −g < 0 and the action, energy and momentum are complex. This is a signal that this part of the string travels faster than the local speed of light and must be discarded. In the next section, we will consider curved strings with v > v crit which satisfy −g > 0.
For the special case of ρ 0 = 0, we have
3) for all v < 1. In other words, for this case the critical speed v crit = 1 for which g = 0 and the induced metric on the string worldsheet is degenerate. The energy and momentum of the steadily moving string are given by the integrals
For the special case of ρ 0 = 0, we find that
For non-vanishing ρ 0 , the expressions for E and p cannot be integrated in closed form. Note that, since π 1 t and π 1 x vanish, there is no energy or momentum current flowing along the string.
We will now comment on the speed limit of these co-moving charges, which stems from the fact that the proper velocity V of the string endpoints differs from the physical velocity v in the four-dimensional field theory [17] . From the metric (2.2), we see that
where ρ i = −ρ 1 or ρ 2 . In order to avoid a spacelike string worldsheet, we must have V ≤ 1. This corresponds to
where we have taken ρ i = ρ 2 , since ρ 2 is closer to ρ 0 ≥ 0 than is −ρ 1 . As is the case for steadily-moving strings in AdS black hole backgrounds, the speed limit depends on the mass parameter associated to the charge. This same speed limit applies to the curved strings which we now discuss. We see that v max = v crit = 1 for ρ 0 = 0. On the other hand, for ρ 0 > 0, we find that v max < v crit < 1.
Curved strings
We will now consider steadily-moving curved strings, which are described by solutions of the form x(t, ρ) = x(ρ) + vt. The term with the time derivative in (2.5) vanishes and we are left with ∂ ∂ρ
The first integral of (4.8) is
where C is an integration constant. Thus,
Solving for −g gives
For v ≤ v crit (with the exception of ρ 0 = 0 and v = 1) then −g > 0 everywhere along the string provided that |C| < C crit where
In the limit that ρ 0 = 0, solutions exist with |C| < 1 for all v < 1. However, for ρ 0 = 0 and v = 1, the induced metric is degenerate everywhere, regardless of the value of C. Strings with v > v crit can still have −g > 0 everywhere provided that ρ 2 < ρ crit and |C| < C crit , where ρ crit and C crit are given by (4.2) and (4.13), respectively. From the field theory perspective, this corresponds to an upper bound on the mass of the type 2 charge. For v > v crit , one can also have a string that lives entirely in ρ > ρ crit , provided that |C| > C crit . This corresponds to a light-heavy pair of type 2 charges with a lower bound on their masses. The distance between the charges is given by
For cases in which we require that |C| < C crit , there is an upper bound on L. However, if the endpoints of the string are allowed to move freely, then the string will tend to straighten out to the C = 0 configuration so that it minimizes its energy. On the other hand, for the string corresponding to a light-heavy pair of type 2 charges moving with v > v crit , we must have |C| > C crit and there is a corresponding lower bound on L. This string cannot straighten out without decreasing its speed. From (2.9), we find that the rate at which energy and momentum flow through the string can be written in terms of the constant C as
where we have used T 0 = √ λ/(2πℓ 2 ). Thus, for nonzero C, energy and momentum are transferred from the leading charge to the lagging one. If there is no external force present, then the leading charge presumably slows down and the lagging charge speeds up until an equilibrium state is reached corresponding to a steadily-moving straight string.
Strings on another Einstein-Gauss-Bonnet wormhole
Thus far in this paper, we have discussed strings moving on Einstein-Gauss-Bonnet wormholes which have two asymptotically locally AdS regions. We now turn to another wormhole solution which has the metric [9]
The geometry is locally AdS for ρ → +∞. The asymptotic geometry for ρ → −∞ is also smooth and can be roughly thought of as a five-dimensional Lorentzian analog of the Sol manifold [28] . As before, we will work in the static gauge (σ, τ ) = (ρ, t). The Nambu-Goto action on this background gives rise to the equation of motion
A straight static string extending from ρ = ρ 2 to ρ = −ρ 1 has an energy
Expressing the equation of motion in the alternative gauge (σ, τ ) = (x, t), it can be shown that there are also straight string solutions at constant ρ = 0. We will now discuss some properties of static curved strings on this background. As was the case with the previous class of wormholes, curved strings can have both endpoints on the same side of this wormhole or on opposite sides. In the former case, a string that is far from the neck of the wormhole has an energy E ∼ 1/L, since this is the UV conformal regime of the theory. In this case, the pair of charges of the same type exhibit a Coulomb potential. As the string dips closer to the wormhole, IR effects show up as terms in the energy that are of higher order in L. There is a one-to-one correspondence between L and the location of the turning point ρ t . Thus, the charges do not exhibit a screening length.
For a curved string with endpoints on opposite sides of the wormhole,
For small separation L, this can be expanded in C ≪ 1 so that
Euclideanizing the metric in order to compute the energy of the string configuration in terms of its action, we find the energy of a pair of charges to be
Expanding E in the small separation limit C ≪ 1 and using (5.6) to express C in terms of L, we find
where E straight is the energy of a straight string given by (5.4) and
Thus, for small L, a pair of charges of opposite types are confined and exhibit a spring-like potential. It can be shown that k decreases monotonically with the mass parameters, and therefore heavy charges are less sensitive to the confining potential.
We will now consider steadily-moving straight strings which, from (5.3) withẋ = v and x ′ = 0, we find can exist in the region ρ > ρ crit , where
For fixed ρ 1 , we can have steadily-moving straight strings only for ρ crit < −ρ 1 , which corresponds to v < v crit , where
(5.11)
Interestingly enough, the critical velocity depends on the mass parameter of the lagging charge, which in this case is the type 1 charge. If ρ 1 = 0 then v crit = 1, and v crit monotonically decreases with the mass parameter for ρ 1 = 0. The energy and momentum of such a string are given by
We will now consider steadily-moving curved strings. For x(t, ρ) = x(ρ) + vt, we get
Solving for −g yields
Strings can exist with −ρ 1 > ρ crit , where ρ crit is given by (5.10), provided that C < C crit , where
Thus, along with the upper bound on the mass parameter associated with the type 1 charge, there is an upper bound on the parameter C. This latter restriction corresponds to an upper bound on the distance between the charges 16) along with the following upper bounds on the rate of energy and momentum flow between the charges:
There can also be strings in the region ρ < ρ crit , which correspond to light-heavy pairs of type 1 charges. In this case, ρ crit corresponds to a lower bound on the associated mass parameters, and |C| > C crit corresponds to a lower bound on distance between the charges as well as the rate of energy and momentum transfer.
Since the numerator and denominator in the expression (5.14) are both positive for large and positive ρ, it is possible for −g > 0 even for strings passing through the critical point ρ crit , provided that the numerator and denominator both change sign there. This corresponds to the case in which v ≥ v crit . Then no restrictions are placed on the mass parameters but we must have
This specifies the distance between the charges to be
We have confirmed numerically that L increases monotonically with v for v ≥ v crit . The rate of the energy and momentum flow along the string is given by
From the field theory perspective, we have the following picture. There is no interaction between two coincident charges of opposite types co-moving with a speed of v < v crit . However, for v = v crit , the charges exhibit a separation gap, which increases with larger v. This is shown in Figure 7 for ρ 1 = ρ 2 = 1 (blue line) for which v crit ≈ 0.0238, and ρ 1 = 1.5 and ρ 2 = 1 (red line) for which v crit ≈ 0.095. For a given v above the critical value, the separation gap L increases with ρ 1 and is less sensitive to the value of ρ 2 . Also, for v < v crit , no energy or momentum is transferred between the charges. However, for v = v crit ,
which both decrease with the mass parameter of the lagging charge. This is certainly unexpected from the field theory side. However, on the gravity theory side, this arises as a peculiar property of the wormhole background. As in the previous section, in order to avoid a spacelike string, we must have the proper velocity V ≤ 1. From the metric (5.1), this translates into v ≤ v crit . Thus, even though −g > 0 for strings which travel at v > v crit for an appropriate value of C, it turns out that such strings would still be spacelike. Perhaps if a string attempts to move faster than this speed limit, then the increased amount of energy and momentum transferred along the string, as shown in Figure 7 , would immediately cause it to slow down. However, it would appear that it is possible for strings to travel at the critical speed itself, so long as there is a constant input of energy and momentum. The situations for v < v crit and v = v crit are depicted in Figure 8 . 
Strings on AdS wormholes in supergravity
Thus far, we have considered AdS wormholes which are solutions to Einstein-Gauss-Bonnet theory. One could ask which properties of strings on such backgrounds might simply be a reflection of the specific higher-derivative curvature terms in the theory. We will now consider a couple of examples of AdS wormholes which can be embedded within string theory. The similar behavior of strings for these cases suggests that strings on AdS wormholes share some universal features.
A multi-boundary orbifold of AdS 3
We will first consider the behavior of strings on a multi-boundary orbifold of AdS 3 [12] . The metric is given by ds
In the static gauge (σ, τ ) = (ρ, t), the Nambu-Goto action on this background gives the equation of motion ∂ ∂ρ
From (2.9) and (2.10), we find that the energy of a straight string extended from
If one expresses the equation of motion in the gauge (σ, τ ) = (x, t), then it can be shown that there are also straight strings lying along constant ρ for any value of ρ.
We will now consider a string with both endpoints on the same side of the wormhole at ρ = ρ 2 . Since the geometry is asymptotically locally AdS, the endpoints of a string that is far from the wormhole exhibit Coulomb behavior. The distance L between the endpoints is given by 5) where the turning point ρ t can lie within the region ρ 2 > ρ t ≥ 0. Thus, all strings bend towards the wormhole and none of them pass through the neck of the wormhole. For a string with its endpoints on opposite sides of the wormhole, expanding in C for small L as in previous sections, we find 6) where E straight is the energy of a straight string given by (6.4) and
(6.7)
While k decreases monotonically with the mass parameters, it asymptotically approaches the minimum value
as the ρ i → ∞. As in the previous examples, when there is a pair of type 1 charges and a pair of type 2 charges there can be a transition. Namely, the charges of the same type exhibit Coulomb interaction for small L and the opposite type charges do not interact, whereas for large L the opposite type charges are confined and the charges of the same type are effectively screened.
We now turn to steadily-moving straight strings, for which
In order for −g > 0 everywhere along the string, it must lie in the region bounded by ρ > ρ crit , where
For fixed ρ 1 , we can have steadily-moving straight strings only for ρ crit < −ρ 1 , which corresponds to
The critical velocity depends on the mass parameter associated with the lagging charge, which in this case is the type 1 charge. If ρ 1 = 0, then v crit = 1. For fixed 't Hooft coupling, v crit decreases with the mass parameter and vanishes for infinite ρ 1 .
with
Strings can exist with −ρ 1 > ρ crit , where ρ crit is given by (6.10), provided that C 2 < 1. This
where 15) along with the following bounds on the rate of energy and momentum flow between the charges:
There can also be strings in the region ρ < ρ crit , which correspond to light-heavy pairs of type 1 charges. Then there is a lower bound on the associated mass parameters. Also, C 2 > 1, which corresponds to a lower bound on L as well as the rate of energy and momentum transfer. It is possible for −g > 0 even for strings with v ≥ v crit which pass through the critical radius ρ crit so long as the numerator and denominator of −g both change sign there. While there are now no restrictions on the mass parameters, we must have
The rate of energy and momentum flow from the leading charge to the lagging one is given by
Likewise, no energy or momentum is transferred from one charge to the other for v < v crit . However, for v = v crit ,
Curiously enough, the rate at which energy is transferred decreases with the mass parameter ρ 1 of the lagging charge, whereas the rate at which momentum is transferred increases with ρ 1 . From the metric (6.1), the proper velocity of the string endpoint at ρ = −ρ 1 is given by 22) where v is the physical velocity in the dual two-dimensional field theory. In order to avoid a spacelike string, V ≤ 1, which corresponds to having v ≤ v crit . Thus, it turns out that v crit is the speed limit of the pair of charges.
The Maoz-Maldacena wormhole
We will now consider some static properties of strings on a Euclidean AdS wormhole solution arising in five-dimensional gauged supergravity [13] . The metric is given by are an instanton and an anti-instanton which are SO(5) symmetric under rotations of S 4 .
The corresponding gauge theory is N = 4 super Yang-Mills theory with an external fixed gauge field coupled to the SO(6) currents. It was shown explicitly that the supergravity background is rather stable, and the field theory on each boundary is well-defined [13] . The action of the Euclidean string worldsheet is given by (3.5). We will consider a string whose worldsheet lies along two of the S 3 directions, which we will refer to as t and x. Since the string lies at a point in the θ direction, we will rescale the x and t coordinates to include constant factors in the metric. In the gauge σ = ρ and τ = t, we find that the equation of motion is given by ∂ ∂ρ From (2.9) and (2.10), we find that the energy of a straight string extended from ρ = −ρ 1 to ρ 2 is
where EllipticE is the elliptic integral of the second kind. E is a real function and increases monotonically with ρ i .
In the gauge σ = x and τ = t, the equation of motion is We see that there is also a straight string solution at constant ρ = 0. We will now consider string solutions with both endpoints on the same side of the wormhole at ρ = ρ 2 . Since the geometry is asymptotically hyperbolic, the endpoints of a string that is far from the wormhole exhibit Coulomb behavior. As the distance L between the endpoints is increased, the turning point ρ t gets closer to the wormhole. From (6.30), we find that L = 2e where ω t = ω| ρ=ρt . By analyzing the above formula, we see that there can be string solutions with ρ 2 > ρ t ≥ 0. It seems that all strings bend toward the wormhole and none of them can pass through the neck of the wormhole, as opposed to the wormhole background discussed in section 3. For a string with its endpoints on opposite sides of the wormhole,
For small separation L, we can expand in C ≪ 1 so that Expanding E in small C and then expressing C in terms of L, we find
where E straight is the energy of a straight string which is given by (6.29) and
Thus, for small L, a pair of charges of opposite types are confined by a spring-like potential. It can be shown that k decreases monotonically with the mass parameters, which means that heavy charges are less sensitive to the confining potential. When there is a pair of type 1 charges a distance L apart and a pair of type 2 charges also a distance L apart, the same types of transitions can occur as with the previously-discussed wormholes. Namely, for small L only charges of the same type interact with each other, whereas for large L only opposite type charges interact with each other. This was discussed in a bit more detail in section 3.2 and illustrated in Figure 6 .
